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Abstract

A function f : V (G) → {0, 1, . . . , k} is called a k-rainbow independent dominating
function of G if Vi = {x ∈ V (G) : f(x) = i} is independent for 1 ≤ i ≤ k, and for every
x ∈ V0 it follows that N(x) ∩ Vi 6= ∅, for every i ∈ [k]. The k-rainbow independent

domination number, γrik(G), of a graph G is the minimum of w(f) =
∑k

i=1 |Vi| over all
such functions. In this paper we show that the problem of determining whether a graph
has a k-rainbow independent dominating function of a given weight is NP-complete for
bipartite graphs and that there exists a linear-time algorithm to compute γrik(G) of
trees. In addition, sharp bounds for the k-rainbow independent domination number of
the lexicographic product are presented, as well as the exact formula in the case k = 2.
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1 Introduction

Problems concerning domination in graphs are one of the most popular and highly investi-
gated ones in the area of graph theory, and a rich array of literature on the topic is known,
see [13, 14]. For more recent results on domination, see for example [7, 8, 10] and the
references therein. Many other variations of the classical domination number of a graph
have been introduced in years and have many applications in large diversity of areas. One
of them, the so called k-rainbow independent domination, was recently introduced in [17]
and is further studied in this paper.

In the paper we consider finite, simple, and undirected graphs. For any vertex g ∈ V (G),
the open neighborhood of g, written N(g), is the set of vertices adjacent to g. The closed
neighborhood of g is the set N [g] = N(g) ∪ {g}. If A ⊂ V (G), then N(A) (respectively,
N [A]) denotes the union of the open (closed) neighborhoods of all vertices of A. (In the
event that the graph G under consideration is not clear we write NG(g).)
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If A and B are any two nonempty subsets of V (G) we say A dominates B if B ⊆ N [A]. If
A dominates V (G) then A is a dominating set of G. The domination number of G, denoted
by γ(G), is the minimum cardinality of a dominating set of G.

An independent dominating set of a graph is a dominating set of vertices, no two of which
are adjacent. The independent domination number, i(G), of a graph G is the size of a
smallest independent dominating set. The independence number of G, denoted by α(G), is
the maximum size of an independent set in G. Observe that γ(G) ≤ i(G) ≤ α(G). For a
survey on independent domination, see [11].

For a positive integer k, a k-dominating set of a graph G is a set D of vertices such that
every vertex in V (G) \ D has at least k neighbors in D. For a graph G, the minimum
cardinality of a k-dominating set is called the k-domination number of G, and is denoted
by γk(G). This invariant was introduced in 1985 by Fink and Jacobson [9]. Later Jacobson
and Peters [15] showed that the k-domination problem is NP-complete for general graphs
and gave linear-time algorithms to compute the k-domination number of trees and series-
parallel graphs. For further results see [5, 18].

For a positive integer k we denote the set {1, 2, . . . , k} by [k]. In the remainder of this
paper we will always assume that the vertex set of the complete graph Kk is [k]. The power
set (that is, the set of all subsets) of [k] is denoted by 2[k]. Let G be a graph and let f be
a function that assigns to each vertex a subset of integers chosen from the set [k]; that is,
f : V (G)→ 2[k]. The weight, w(f), of f is defined as w(f) =

∑
v∈V (G) |f(v)|. The function f

is called a k-rainbow dominating function (kRDF for short) of G if for each vertex v ∈ V (G)
such that f(v) = ∅ it follows ⋃

u∈N(v)

f(u) = [k].

Given a graph G, the minimum weight of a k-rainbow dominating function is called
the k-rainbow domination number of G, which we denote by γrk(G). The motivation for
introducing this concept arose from the observation that for k ≥ 1 and for every graph G,
γrk(G) = γ(G2Kk), see [2]. Brešar and Šumenjak [3] proved that the 2-rainbow domination
problem is NP-complete even when restricted to chordal graphs or bipartite graphs. Later
Chang, Wu and Zhu [4] generalized this result to arbitrary k.

For a function f : V (G) → {0, 1, 2, . . . k} we denote by Vi the set of vertices to which
the value i is assigned by f , i.e. Vi = {x ∈ V (G) : f(x) = i}. A function f : V (G) →
{0, 1, . . . , k} is called a k-rainbow independent dominating function (kRiDF for short) of G
if Vi is independent for 1 ≤ i ≤ k, and for every x ∈ V0 it follows that N(x) ∩ Vi 6= ∅, for
every i ∈ [k].

Note that a k-rainbow independent dominating function f can be represented by the
ordered partition (V0, V1, . . . , Vk) determined by f . The weight of a kRiDF f is defined as
w(f) =

∑k
i=1 |Vi|. The k-rainbow independent domination number of a graph, denoted by

γrik(G), is the minimum weight of a kRiDF of G. A γrik(G)-function is a kRiDF of G with
weight γrik(G), and a kRiDF-partition of G is an ordered partition (V0, V1, . . . , Vk) of V (G)
that represents a γrik(G)-function.
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The concept coincides with the ordinary independent domination number of the gener-
alized prism G2Kk [17]. Notice that the ordinary independent domination is the same as
the 1-rainbow independent domination if we view an independent dominating set D as 1-
rainbow independent dominating function f defined by f(v) = 1 when v ∈ D and f(v) = 0
otherwise. Let f be a kRiDF of an arbitrary graph G and C = {v ∈ V (G) : f(v) 6= 0}, then
C is clearly a k-dominating set of a graph G and thus

γk(G) ≤ γrik(G).

One interesting question in this area is related to the study of domination related parame-
ters in standard products of graphs. One of them is the lexicographic product G◦H, in which
vertices (g1, h1) and (g2, h2) are adjacent if either g1g2 ∈ E(G) or g1 = g2 and h1h2 ∈ E(H).
For a fixed h ∈ V (H), we call Gh = {(g, h) ∈ V (G◦H) : g ∈ V (G)} a G-layer in G◦H. Simi-
larly, an H-layer gH for a fixed g ∈ V (G) is defined as gH = {(g, h) ∈ V (G◦H) : h ∈ V (H)}.
Notice that the subgraph of G ◦H induced by a G-layer or an H-layer is isomorphic to G
or H, respectively. We use πG to denote the projection map from G ◦H onto G defined by
πG(A) = {g ∈ V (G) : (g, h) ∈ A}. For the basic properties of the lexicographic product of
two graphs we reffer to the handbook by Hammack, Imrich and Klavžar [12]. One of the
problems in the study of product of graphs consists of finding exact values or sharp bounds
for specific parameters of the product of two graphs and express these in terms of invariants
of the factor graphs. In this way, the domination number was studied in [19], the 2-rainbow
domination number in [16] and the super domination number in [6].

The rest of the paper is organized as follows. In the next section we prove that the
problem of determining whether a graph has a k-rainbow independent dominating function
of a given weight is NP-complete for bipartite graphs and show that there exists a linear-
time algorithm to compute the k-rainbow independent domination number of trees. Then
in Section 3 we study the k-rainbow independent domination number of the lexicographic
product of graphs and give a sharp upper and lower bound. In Section 4 we focus on the 2-
rainbow independent domination number of the lexicographic product of graphs and prove
the exact formula. In the last section we pose some open problems.

2 Complexity of k-rainbow independent domination problem

In this section we prove that the k-rainbow independent domination problem is NP-complete
for bipartite graphs by reducing the k-rainbow independent domination problem to the
domination problem for which is well-known that it is NP-complete when restricted to
chordal graphs (resp. bipartite graphs) [13]. The following easy observation will be needed.

Observation 2.1 If G is a graph and (V0, V1, V2, . . . , Vk) is a kRiDF-partition of G, then
all vertices of degree less than k of G belong to V1 ∪ . . . ∪ Vk.

Formally, the problem can be stated as:
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k-RAINBOW INDEPENDENT DOMINATING FUNCTION

INSTANCE: A graph G, a positive integer k greater than 2 and a positive integer s.

QUESTION: Does G have a k-rainbow independent dominating function of weight s?

Theorem 2.2 For any fixed positive integer k greater than 2, the k-rainbow independent
domination problem is NP-complete for bipartite graphs.

Proof. Obviously k-rainbow independent domination problem belongs to NP. Let G be a
bipartite graph on n vertices. Our goal is to construct a graph G′ from it with the property
that for any positive integer k, G′ has a k-rainbow independent dominating function of
weight at most s+ n(k − 1) if and only if G has a dominating set of size at most s. Let G′

be obtained from G by adding k − 1 leaves to each vertex of G. That is, for every i ∈ [n]
denote by ui,1, ui,2, . . . ui,k−1 leaves adjacent to vi ∈ V (G).

Let D be a dominating set of G with at most s vertices. Let (W1,W2) be a vertex
bipartition of G (i.e, every vertex from W1 has neighbors only from W2, and vice versa).
Consider the function f from V (G′) to {0, 1, 2, . . . , k} defined as follows: if vi ∈ D ∩W1,
let f(vi) = 1, if vi ∈ D ∩W2, let f(vi) = k and f(vi) = 0 if vi ∈ V (G) \D. The leaves are
labeled as follows:

f(uij) =


j; NG′(uij) ⊆W1 \D,
j + 1; NG′(uij) ⊆W2 \D,
k; NG′(uij) ⊆W1 ∩D,
1; NG′(uij) ⊆W2 ∩D.

We get the function of weight s + n(k − 1), which is clearly a k-rainbow independent
dominating function. Indeed, every vertex vi from V (G) \D has in its open neighborhood
vertices of all k colors.

Now let f be a k-rainbow independent dominating function of G′ of weight at most
s + n(k − 1). Since every leaf must be dominated, we easily derive that w(f) > n(k − 1).
Now consider the set D = {v ∈ V (G) : f(v) 6= 0}. For any vertex v ∈ V (G) \ D we
have N(v) ∩ Vi 6= ∅, for every i ∈ [k], which implies N(v) ∩ D 6= ∅. We derive that D
is a dominating set of G and |D| ≤ s. Thus for any positive integer k, the k-rainbow
independent domination problem is NP-complete for bipartite graphs.

We next turn our attention to trees and prove that the concept of k-domination coincides
with k-rainbow independent domination. This is not the case for general bipartite graphs.
A small graph that serves as a counterexample is the 3-cube minus one vertex, which we
denoted by Q−3 . It is easy to see that γ2(Q−3 ) = 3, while γri2(Q−3 ) = 4.

Theorem 2.3 Let T be a tree, then for any k ≥ 2 it holds

γk(T ) = γrik(T ).
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Proof. Let (V0, V1, V2, . . . , Vk) be a kRiDF-partition of V (T ). By the definition of a
kRiDF, every vertex in V0 has at least k neighbors in V (T ) \ V0. Obviously V (T ) \ V0 is a
k-dominating set, thus γk(T ) ≤ γrik(T ).

To prove that γk(T ) ≥ γrik(T ), we develop the following algorithm. Let T be a tree on n
vertices, k an arbitrary positive integer greater than 2 and D a k-dominating set of T with
minimum cardinality. Obviously, every leaf of T is contained in D. The algorithm below
gives a kRiDF of T . For this algorithm we have to assign numbers to the vertices in such a
way that the tree will be a rooted tree at arbitrary leaf v1 and then we assign numbers to the
vertices of the upper branches of the tree in a Breadth First Search fashion. Note that each
node vi ∈ V (T ), i ∈ {2, 3, . . . , n}, has unique parent node, denoted by parent(vi) and each
node vi at the distance at least 2 from v1 has unique grandparent node grandparent(vi),
respectively. On the other hand, any parent node vi can have any number of child nodes.
Denote a child node of vi by child(vi).

Algorithm 1: kRiDF of T

Input: BFS-ordering (v1, v2, . . . , vn) and a minimum k-dominating set D of T
Output: List of values being assigned to vertices
f(v1) = 1;
while i = 2, . . . , n do

if vi ∈ V (T ) \D then
f(vi) = 0 ;

else if f(parent(vi)) 6= 0 then
f(vi) = f(parent(vi))(mod k) + 1 ;

else if vi−1 is child(parent(vi)) then
f(vi) = f(vi−1)(mod k) + 1 ;

else
f(vi) = f(grandparent(vi))(mod k) + 1 ;

Correctness of the algorithm: According to the definition of a k-dominating set each
vertex in v ∈ V (T ) \ D has at least k neighbors in D (note that f(v) = 0). It is clear
that with the above algorithm

⋃
u∈N(v) f(u) = [k] and no adjacent vertices in D have the

same label, thus f is a k-rainbow independent dominating function and w(f) = |D|, which
implies γk(T ) ≥ γrik(T ).

An example of running the algorithm from Theorem 2.3 is presented in Figure 1. The
vertices marked with a circle belong to V (T ) \D, where D is a 3-dominating set of T , and
consequently they are labeled with 0. One can check that labeling of vertices yields a 3RiDF
of T .

Combining the aforementioned linear time algorithm for determining the k-domination
number of trees [15], the well known fact that the BFS algorithm runs in linear time for
trees and Algorithm 1 from the proof of Theorem 2.3, the following result is obtained.

Corollary 2.4 For any fixed positive integer k greater than 2, the k-rainbow independent
domination number of a tree can be computed in linear time.
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Figure 1: An example of running the algorithm from the proof of Theorem 2.3.

Fink and Jacobson [9] presented the following lower bound in terms of the order of a
graph, its maximum degree and k.

Theorem 2.5 [9] For any graph G, γk(G) ≥ kn
∆(G)+k .

Since γrik(G) ≥ γk(G) for any graph G, thus we have

γrik(G) ≥ kn

∆(G) + k
.

It is rather easy to observe that the bound is sharp. For complete multipartite graphs
Kr1,...,rt , where k = r1 ≤ . . . ≤ rt, γrik (Kr1,...,rt) = k and obviously γk (Kr1,...,rt) =
k. As another example, take C32Cm for m ≡ 0 (mod 6). The above bound gives us
γri2(C32Cm) ≥ kn

∆(G)+k = 2·3m
4+2 = m. Below we present a 2RiDF of C32Cm with weight

m, which in turn gives us γri2(C32Cm) = m. Let V (Cm) = {1, 2, . . . ,m} and E(Cm) =
{i(i+1), with addition modulo m}. We denote vertices of V (C32Cm) by (i, j) for i = 1, 2, 3
and j = 1, 2, . . . ,m. To present a 2RiDF f of C32Cm we use three lines, where i-th line
(1 ≤ i ≤ 3) represents the values of f for vertices of the form (i, 1), (i, 2), . . . , (i,m). By
Ci

3, we denote the values of f for the vertices in the set {(1, i), (2, i), (3, i)}. Thus Ci
3 corre-

sponds to the i-th column of C32Cm. We construct f as follows (the smallest case C32C6

is separated with the symbol *):

0 0 1 0 0 2* 0 0 1 0 0 2. . . 0 0 1 0 0 2
0 2 0 0 1 0* 0 2 0 0 1 0. . . 0 2 0 0 1 0
1 0 0 2 0 0* 1 0 0 2 0 0. . . 1 0 0 2 0 0.

These examples provide families of graphs with equal 2-domination and 2-rainbow inde-
pendent domination number. Fink and Jacobson [9] also established a lower bound on the
k-domination number of a tree in terms of its order.

Theorem 2.6 [9] If T is a tree of order n, then γk(T ) ≥ (k−1)n+1
k .
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Later Volkmann [20] characterized the family of trees T with γk(T ) = (k−1)n+1
k . Blidia,

et al. [1], studied the k-domination number of bipartite graphs and gave the next upper
bound.

Theorem 2.7 [1] Let G be a bipartite graph on n vertices and S is the set of all vertices

of degree at most k − 1, then γk(G) ≤ n+|S|
2 .

The above mentioned results and Theorem 2.3 provide the following bounds for the k-
rainbow independent domination number of trees with both bounds being sharp. Namely,
in [1] trees achieving equality in the upper bound of Theorem 2.7 were characterized.

Corollary 2.8 Let T be a tree on n vertices and S is the set of all vertices of degree at
most k − 1, then

(k − 1)n+ 1

k
≤ γrik(T ) ≤ n+ |S|

2
.

Corollary 2.9 Let T be a tree on n vertices with l leaves, then

n+ 1

2
≤ γri2(T ) ≤ n+ l

2
.

3 k-rainbow independent domination number on the lexico-
graphic product of graphs

In this section, we present a lower and an upper bound on the k-rainbow independent
domination number of lexicographic product graphs.

Theorem 3.1 For every graph G and every graph H such that |V (H)| ≥ k,

γrik(G ◦ H) ≤ γrik(H)i(G).

Proof. Let D be a minimum independent dominating set of G and f a γrik(H)-function
such that |Vi| ≥ 1 for every i ∈ [k] (such a function exists since |V (H)| ≥ k). Define
h : V (G ◦ H) → {0, 1, 2, . . . k} by h(g, x) = f(x) if g ∈ D and x ∈ H. Otherwise,
h(g, x) = 0. Clearly, h is a k-rainbow independent dominating function of G ◦ H with
weight γrik(H)i(G). Therefore, γrik(G ◦ H) ≤ γrik(H)i(G).

Let G be a graph isomorphic to C4 and H a graph consisting of k isolated vertices,
where V (H) = {x1, x2, . . . , xk}. Take two non adjacent vertices g1 and g2 in C4. Define
f : V (G ◦ H) → {0, 1, 2, . . . , k} by f(g1, xi) = 1 and f(g2, xi) = i, for i = 1, 2, . . . , k,
otherwise f(g, x) = 0. Then f is clearly a γrik(G ◦H)-function, however πG(Vi) for i ≥ 2 is
not independent dominating set in G. The next result states that for arbitrary graphs G
and H, where |V (H)| ≥ k, there exists a kRiDF-partition of G ◦H such that πG(Vi) is an
independent dominating set in G for every i ∈ [k].
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Lemma 3.2 Let G be an arbitrary graph and H a graph such that |V (H)| ≥ k. Then there
exists a partition (V0, V1, V2, . . . , Vk) of V (G ◦H) that arises from a k-rainbow independent
dominating function with a minimum weight such that πG(Vi) is an independent dominating
set in G for every i ∈ [k].

Proof. Suppose that there does not exist such a kRiDF-partition of G ◦H. Without loss
of generality suppose that A = πG(V1) does not dominate G. Take an arbitrary vertex
x 6∈ NG[A]. No vertex of the H-layer xH belongs to V1 or is adjacent to a vertex in V1.
This implies that xH ∩ V0 = ∅. Since |V (H)| ≥ k, according to the pigeonhole principle
there exist two vertices in xH with equal labels. The structure of the lexicographic product
allows us to rearrange labeling and mark one of them by 1. We repeat this procedure for all
other vertices of G not contained in NG[A]. Let A1 denote the projection onto G of vertices
with the value 1 after this procedure. Thus A1 is a dominating set in G. By the same
argument, we can prove that πG(Vi) is a dominating set in G for every i ∈ {2, 3, . . . , k}.
Moreover, πG(Vi), i ∈ [k], is also independent, which follows from the definition of a k-
rainbow independent dominating function and the structure of the lexicographic product.

The following result provides a lower bound on the k-rainbow independent domination
number of the graph G◦H in terms of the positive integer k and the independent domination
number of the factor G.

Theorem 3.3 Let G be an arbitrary graph and H graph such that |V (H)| ≥ k, then

γrik(G ◦H) ≥ ki(G).

Proof. Let |V (H)| ≥ k and let (V0, V1, V2, . . . , Vk) be a partition of V (G ◦ H) induced
by a k-rainbow independent dominating function of minimum weight. Using Lemma 3.2,
we derive

γrik(G ◦ H) = |V1|+ |V2|+ . . .+ |Vk| ≥ |πG(V1)|+ |πG(V2)|+ . . .+ |πG(Vk)| ≥ ki(G).

Combining the results in Theorem 3.1 and Theorem 3.3, we immediately get the exact
value for γrik(G ◦H) in the case when γrik(H) = k. Note that graphs with the later property
were characterized in [17].

Corollary 3.4 Let G be an arbitrary graph, and H a graph with the property γrik(H) = k.
Then

γrik(G ◦ H) = ki(G).
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4 2-rainbow independent domination number on the lexico-
graphic product of graphs

We now focus on the case k = 2 and find the exact formula for the 2-rainbow independent
dominating number of the lexicographic product of two graphs. The following concept
will be utilized in the main theorem. We say that an ordered triple (A,B,C) of pairwise
disjoint independent sets A,B,C ⊆ V (G), where also A ∪ B and A ∪ C are independent,
is an independent dominating triple of G if for every vertex x ∈ V (G) \ (A ∪B ∪ C), there
exists a vertex w ∈ A such that x ∈ NG(w) or there exist vertices w1 ∈ B and w2 ∈ C
such that x ∈ NG(w1)∩NG(w2). Additionally, for every vertex x ∈ B there exists a vertex
y ∈ C such that x ∈ NG(y) and for every vertex x ∈ C there exists a vertex y ∈ B such
that x ∈ NG(y). One can observe that (A, ∅, ∅) is an independent dominating triple if and
only if A is an independent dominating set.

Theorem 4.1 Let G be an arbitrary graph and H a non-trivial graph of order n, then

γri2(G◦H) = min{γri2(H)|A|+i(H)|B∪C| : (A,B,C) is an independent dominating triple of G}.

Proof. Let (A,B,C) be an independent dominating triple of G. Let f̂ be a 2-rainbow
independent dominating function of H with w(f̂) = γri2(H) and let D be a minimum inde-
pendent dominating set of H. Define f : V (G ◦ H)→ {0, 1, 2} as follows: f(g, h) = f̂(h) if
g ∈ A; f(g, h) = 1 if g ∈ B and h ∈ D; f(g, h) = 2 if g ∈ C and h ∈ D; f(g, h) = 0 otherwise.
Clearly, f is a 2-rainbow independent dominating function of G ◦ H and thus γri2(G◦H) ≤
min{γri2(H)|A|+ i(H)|B ∪ C| : (A,B,C) is an independent dominating triple of G}.

For the reversed inequality we take a 2RiDF-partition (V0, V1, V2) of V (G ◦ H) that
represents a γri2(G ◦ H)-function f such that πG(V1) and πG(V2) are both independent
dominating sets in G (by Lemma 3.2 such a partition always exists). We need to prove
that there exists an independent dominating triple (A,B,C) of G such that γri2(G ◦H) ≥
γri2(H)|A| + i(H)|B ∪ C|. We distinguish three types of H-layers which contribute to the
weight of f .

Suppose that a gH-layer contains vertices from V1 ∪ V2 ∪ V0, and gH ∩ Vi 6= ∅ for i = 1, 2.
Then it follows from the definition of a γri2(G◦H)-function and the structure of G◦H that
for every vertex x ∈ NG(g) we have xH ⊂ V0. One can notice that all vertices have to be
independently dominated within gH-layer and as soon as this layer contains more vertices
than γri2(H), one can construct a new 2RiDF of G ◦H of smaller weight, a contradiction.

Suppose that gH-layer contains only vertices from V1 ∪ V0 (for V2 ∪ V0 the argument
will follow the same line) and gH ∩ V1 6= ∅. Then for every vertex x ∈ NG(g) we have
xH ∩ V1 = ∅. If H is not isomorphic to n isolated vertices, then in gH exists a vertex vith
the value 0. We observe that every vertex with the value 0 in gH is adjacent to a vertex
from V1, thus vertices from V1 ∩gH dominate vertices from gH ∩ V0. Moreover, since V1

is independent and f is a γri2(G ◦H)-function, it follows that vertices from V1 in gH form
a minimal independent dominating set of gH of size i(H), otherwise one can construct a
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new 2RiDF function of G ◦H of smaller weight. If H consists of n isolated vertices, then
i(H) = n.

Now, let A′ = {g ∈ V (G) : gH ∩ V1 6= ∅ and gH ∩ V2 6= ∅}, B′ = {g ∈ V (G) : gH ∩ V1 6= ∅
and gH ∩ V2 = ∅} and C ′ = {g ∈ V (G) : gH ∩ V2 6= ∅ and gH ∩ V1 = ∅}. It remains to
show that (A′, B′, C ′) is an independent dominating triple of G. First, one can observe that
A′, B′, C ′ are pairwise disjoint independent sets and also A′∪B′ and A′∪C ′ are independent
which follows from the definition of a γri2(G◦H)-function and the structure of lexicographic
product. Suppose to the contrary that there exists a vertex x ∈ V (G) \ (A′ ∪B′ ∪C ′) that
is not adjacent to any vertex from A′ and is not adjacent to any vertex from B′ or C ′. We
infer that all vertices from the layer xH are dominated within this layer, which is impossible.
Assume that there exists a vertex x ∈ B′ that is not adjacent to any vertex from C ′. Since
A′ ∪ B′ is independent, it follows NG(x) ∩ A′ = ∅, thus xH ⊆ V1. Since V1 is independent,
it follows that H is a graph of order n consisting of n isolated vertices. Then πG(V2) is not
an independent dominating set in G. But this is a contradiction, since f is a γri2(G ◦H)-
function such that πG(V1) and πG(V2) are independent dominating set in G. Similarly one
can prove that every vertex from C ′ is adjacent to a vertex from B′. Hence (A′, B′, C ′) is
an independent dominating triple of G such that γri2(G ◦H) ≥ γri2(H)|A| + i(H)|B ∪ C|.

v1 v2 v3 v4 v5 v6

G

1

2

1 2

Figure 2: An independent dominating triple of G and a 2-rainbow independent dominating
function of G ◦ P3.

Consider the lexicographic product G ◦ H, where H is isomorphic to the path of order 3
and G is the graph depicted on the bottom of Figure 2. On the top this product is presented
in such a way that one can observe which H-layer corresponds to which vertex of G, but we
omit edges between H-layers for the reason of clarity. By using the independent dominating
triple (A,B,C) = ({v2}, {v4}, {v5}) of G, Theorem 4.1 gives γri2(G ◦H) = 4. This value is
obtained also by considering the independent dominating triple (A,B,C) = ({v2, v5}, ∅, ∅)
of G.
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5 Concluding remarks

There are several possibilities for future research in the area. In the paper, some families of
graphs with γk(G) = γrik(G) are presented. It would be interesting to characterize graphs
whose k-domination number equals their k-rainbow independent domination number. The
second question naturally arising from this study is to continue investigating algorithmic
aspects of computing the k-rainbow independent domination number.
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