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160, SI-2000 Maribor, Slovenia

Abstract

A (d, n)-packing k-coloring of a graph G for integers d and n is a map-
ping from V (G) to the set {1, 2, . . . , k} such that vertices with color i ∈
{1, 2, . . . , k} have pairwise distance greater than d + b i−1

n
c. The smallest

integer k for which there exists a (d, n)-packing coloring of a graph G is
called the (d, n)-packing chromatic number of G. We propose a new heuris-
tic approach to find (d, n)-packing colorings of infinite lattices. The proposed
algorithms have been able to obtain several (d, n)-packing colorings of the in-
finite square, hexagonal, triangular, eight-regular and octagonal lattice. The
obtained results improve upper bounds on the corresponding (d, n)-packing
chromatic numbers for these graphs.

Keywords: graph algorithm, heuristic algorithm, packing coloring, infinite
lattice

1. Introduction and preliminaries

Let G = (V,E) be a graph. The subset X ⊆ V (G) is an i-packing if for
any distinct pair u, v ∈ X we have d(u, v) > i, where d(u, v) denotes the
usual shortest path distance between u and v in G. Let d and n be integers.
Gastineau et al. [3] define a (d, n)-packing k-coloring of G as a mapping from
V (G) to the set {1, 2, . . . , k} such that vertices with color i ∈ {1, 2, . . . , k}
form a (d+b i−1

n
c)-packing, i.e. any two vertices have pairwise distance greater
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than d+ b i−1
n
c. The smallest integer k for which there exists a (d, n)-packing

coloring of a graph G is called the (d, n)-packing chromatic number of G.
The problem of finding (d, n)-packing chromatic number of a graph is

inspired from frequency planning in wireless systems. The concept of (d, n)-
packing chromatic number is a generalization of the packing chromatic num-
ber where n and d are both equal to one. Note also that the packing chromatic
number was introduced under the name broadcast chromatic number [4, 1].

A more general concept was formally introduced in [5] as follows. For a
nondecreasing sequence of integers S = (s1, s2, . . .), an S-packing k-coloring
is a mapping from V (G) to the set {1, 2, . . . , k} such that vertices with color
i form an si-packing. The S-packing chromatic number of G denoted by
χSρ (G), is the smallest k such that G admits an S-packing k-coloring.

Many types of wireless networks can be modeled by various infinite regular
lattices. Thus, it is not a surprise that the research of the packing chromatic
number started by investigating the problem for the infinite square lattice [4].
Since the infinite square lattice can be viewed as the Cartesian product of two
infinite paths, we denote this graph by Z�Z. The other lattices investigated
in this paper are the hexagonal lattice H, the triangular lattice T , the eight-
regular lattice Z � Z and the octagonal lattice O (see Fig. 1). Despite
intensive investigations (see for example [12, 10]), the packing chromatic
number of the square lattice is still unknown. On the other hand, the packing
chromatic number of the hexagonal lattice has been determined [2, 8], while
for S-packing chromatic numbers of the square, hexagonal, triangular, eight-
regular and octagonal lattices only partial results have been established [4,
6, 3, 9].

Figure 1: From left to right: square lattice Z�Z, hexagonal lattice H, triangular lattice
T , eight-regular lattice Z� Z, octagonal lattice O

Note that all lattices of interest can be viewed as graphs with vertex set
Z × Z, where Z denotes the two-way infinite path. This observation allows
us to witness the upper bound on the (d, n)-packing chromatic number by
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a finite grid of dimension k × t (i.e. with k rows and t columns) which
can be endlessly translated up-down and left-right in order to periodically
cover the plane. In particular, such a periodic (d, n)-packing coloring of the
infinite square lattice corresponds to a (d, n)-packing coloring of the Cartesian
product [7] of two cycles of length k and t denoted by Ck�Ct. More details
on periodic (d, n)-packing coloring for other lattices can be found in [9].

Computer based methods for finding packing chromatic numbers include
the simulated annealing and a reduction to SAT (eg. [9]) as well as a reduction
to the maximum cardinality independent set problem [11].

The paper is organized as follows. In the next section we describe heuris-
tic algorithms V ector coloring and Scattered coloring for searching (d, n)-
packing colorings of infinite lattices. The proposed approach provides sev-
eral improved upper bounds on the (d, n)-packing chromatic numbers of the
square, hexagonal, triangular, eight-regular and octagonal lattices which are
presented in Section 3.

2. Algorithms

In this section, we propose a heuristic approach for searching packing
chromatic numbers of infinite lattices. The algorithms find a periodic (d, n)-
packing coloring of a lattice, i.e. the result is a (d, n)-packing coloring of
a rectangular (usually square) subgraph denoted by P of dimension tx ×
ty which can be used to color the lattice as described in Section 1. The
proposed approach consists of two algorithms called the Vector coloring and
Scattered coloring. While this two algorithms could be used separately, they
complement each other and give best results together. For some cases, the
vector coloring is able to assign colors to the entire lattice, while for others,
it gives only a partial result, which can be completed with the scattered
coloring.

2.1. Vector coloring

In order to find a (d, n)-packing coloring, the algorithm starts with a
finite grid P of dimension tx × ty where tx = ty = 2(d + 1). As long as
there exist uncolored nodes and the maximum number of attempts is not
exceeded, a periodic pattern for a color i = 1, . . . ,maxi is obtained. The
pattern for i depends on a starting node (x, y) which is randomly chosen from
the set of uncolored nodes. The pattern can be determined by either two or
three randomly chosen vectors determined in the procedure Find2vectors
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and Find3vectors, respectively. Either the first or the second procedure is
applied in one attempt, such that Find2vectors is called in 3 out of 4 cases.
In both procedures, we first randomly choose a node (x1, y1) at distance d+
b i−1
n
c+1 from (x, y). If such a node does not exist, we randomly choose a node

at distance d+ b i−1
n
c+ 2 from (x, y). If the search fails, the procedure stops

and returns false. The first vector p1 is determined by p1 = (p1,x, p1,y) :=
(x1 − x, y1 − y). In Find2vectors, we next randomly choose a node (x2, y2)
at distance d + b i−1

n
c + 1 from (x, y) and (x1, y1). If such a node does not

exist, we randomly choose a node which is at distance d + b i−1
n
c + 1 (resp.

d+b i−1
n
c+2 ) from (x, y) (resp. (x1, y1)) or vice versa. If the search fails, the

procedure stops and returns false. Otherwise, the second vector is determined
by p2 = (p1,x, p1,y) := (x2 − x, y2 − y). The other procedure first determines
the node (x2, y2) := (x− p1,x, y− p1,y). Next, it finds a node (x3, y3) which is
sufficiently apart from the nodes (x, y), (x1, y1), and (x2, y2) as well as closest
to (x, y). The procedure is then repeated for the node (x4, y4). The second
and the third vector are now determined by p2 = (p2,x, p2,y) := (x−x3, y−y3)
and p3 = (p3,x, p3,y) := (x− x4, y − y4).

If Find2vectors (resp. Find3vectors) successfully finds two (resp. three)
vectors, nodes of a current subgraph are colored with the procedure Fill2vectors
(resp. Fill3vectors). Both procedures first assign color i to the node (x, y)
and then recursively assign this color to other nodes of P . A procedure stops
when a current node has already obtained a color j. If j 6= i, the procedure
returns false. Both procedures are recursively called four times, Fill2vectors
is called for the nodes (x+p1,x, y+p1,y), (x−p1,x, y−p1,y), (x+p2,x, y+p2,y),
(x−p2,x, y−p2,y), while Fill3vectors is called for the nodes (x+p1,x, y+p1,y),
(x−p1,x, y−p1,y) and alternatively either for (x+p2,x, y+p2,y), (x+p3,x, y+p3,y)
or (x− p2,x, y − p2,y), (x− p3,x, y − p3,y).

If Fill2vectors (resp. Fill3vectors) for a color i succeeds, the proce-
dure FindSize2vectors (resp. FindSize3vectors ) find the size of the ob-
tained periodic pattern denoted by ti,x× ti,y. If the coloring is obtained with
Fill2vectors, then ti,x (resp. ti,y) is the distance between two nodes of a
current subgraph that belong to a same row (resp. column). Otherwise, we
have to find three nodes that belong to a same row (resp. column), ti,x (resp.
ti,y) is then determined as the distance between two nodes which are most
apart from each other in the row (resp. column). If nodes that belong to the
same row (resp. column) are not found, the procedure return false and the
size of P is doubled.

If any of the above described procedure returns false, the current attempt
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to color nodes with the color i is halted and the process is restarted. The
number of allowed attempts is given in the constant maxf .

In order to maintain a periodic coloring for every color j ∈ {1, . . . , i}, the
size of tx (resp. ty) is computed as the least common multiple of tj,x (resp.
tj,y for every j ∈ {1, . . . , i} in the procedure ResizeP .

Procedure Vector coloring (d, n, t, maxf , maxi);
i := 1; cf := 0;
while cf < maxf and i ≤ maxi do begin
cf := cf + 1;
(x, y) := randomly chosen uncolored node;
if random > 0.25 then
if not Find2vectors(t, x, y, p1, p2) then continue;
if not Fill2vectors(t, x, y, p1, p2) then continue;
if not FindSize2vectors(t) then continue; end

else begin
if not Find3vectors(t, x, y, p1, p2, p3) then continue;
if not Fill3vectors(t, x, y, p1, p2, p3) then continue;
if not FindSize3vectors(t) then continue; end ;

ResizeP (t);
i := i+ 1; cf := 0;

end;
end.

We next show that the time complexity of a single run of the loop of
Vector coloring is linear in the number of nodes of P . In Find2vectors, we
can find nodes at given distance from (x, y) in linear time by using the dis-
tance matrix of P . Moreover, every node of P is visited only constant times
in Fill2vectors, thus, the same conclusion holds for this operation, while
FindSize2vectors can be clearly computed in constant time. Since an anal-
ysis for operations with three nodes is analogous and since we can maintain
a list of colored nodes within the same time bound, the assertion follows.

For a given lattice and (d, n) of interest the procedure had been restarted
several time and the most promising partial solutions have been used as the
input for the procedure Scattered coloring described in the next section.
For some instances of the problem, however, V ector coloring alone provides
complete solution. See for example, the result for the square lattice with
(d, n) = (3, 4) presented in Table 1.
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Table 1: Values obtained by the vector coloring for the square lattice with (d, n) = (3, 4)

i ti,x ti,y x y p1,x p1,y p2,x p2,y p3,x p3,y
1 4 4 0 0 2 0 0 4 / /
2 4 4 5 0 2 0 0 4 / /
3 4 4 2 0 2 0 0 4 / /
4 4 4 3 0 2 0 0 4 / /
5 7 14 2 1 -1 4 3 2 / /
6 7 14 8 23 -1 4 3 2 / /
7 7 14 23 23 -1 4 3 2 / /
8 7 14 3 27 -1 4 3 2 / /
9 21 42 17 7 4 -2 -2 -4 -1 6
10 21 42 51 25 -4 2 -2 -4 -1 6
11 14 14 62 5 -4 2 2 6 -6 -4
12 21 42 37 25 -4 2 -2 -4 -1 6
13 28 28 49 29 2 6 8 -4 -10 -2
14 28 28 13 19 2 6 10 2 -8 4

The solution presented in Table 1 can be computed in a minute on an
average desktop computer. The solution, starting nodes and vectors for the
colors of the set {1, . . . , 14}, provides a (3,4)-packing 14-coloring of C84�C84.
The size of the graph C84�C84 is the result of the fact, that 84 is the least
common multiple of ti,x (resp. ti,y) for every i ∈ {1, . . . , 14}. Since the
solution gives a periodic coloring for every color i, a (3,4)-packing 14-coloring
of C84�C84 can be obtained by using either Fill2vectors (if the construction
for i is based on two vectors) or Fill3vectors (if the construction for i is
based on three vectors).

2.2. Scattered coloring

The procedure takes a partially colored rectangular subgraph P of di-
mension tx × ty with the largest color i as the input as well the values of d
and n. In our computations, the coloring of P has been mostly determined
by the data (starting nodes and vectors) computed in Vector coloring.

In every iteration of the outer loop, i is set to the value of the next color.
The aim of the body of the outer loop is to assign this color to as many
nodes as possible. The assignment for the color i is repeated maxs times in
an inner loop for a copy of P called Temp. At the end of this loop, it is
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checked whether this assignment is the best so far. In the first step of the
loop, it randomly colors nodes with the current color, while there are any
uncolored nodes at distance at least d+ b i−1

n
c+ 1 from every node with the

color i. Then the algorithm enters the loop where it randomly chooses maxs
times one of four corners of P denoted by c.

In the body of the loop the algorithm traverse all nodes with the color
i. When a node p is visited, p (sometimes only temporarily) loses its color
in order to move its color to some other node q. A candidate for q is of
two types: (i) an uncolored node that can be colored with i and (ii) a node
with a color j < i whose color can be moved to an uncolored node. From
all candidates the algorithm selects a node q which is closest to c. Next, q
obtains the color i, while its previous color (if any) is moved to an uncolored
node. After we have colored q, the algorithm checks if there are any other
uncolored nodes that we can color with i. The whole process, called shifting,
is repeated, until there are no nodes with the color i that could be shifted.

Because the nodes with the current color are shifted to corners, the re-
maining uncolored nodes might be close together. This could make it very
hard to assign last colors optimally, so after we are done with color i, we add
an additional step in order to spread out uncolored nodes. The algorithm
Spread finds uncolored nodes of Temp that are close to each other. Then
for every colored node in the graph, it tries to move its color to an uncolored
node.

When all maxs assignments for the color i are completed, the best as-
signment is preserved.

Procedure Scattered coloring (d, n, i, t, P , maxf , maxs);
while P admits uncolored nodes do begin
cf := 0; i := i+ 1; Best := P ; Temp := P ;
while cf < maxf do begin
cf := cf + 1;
while Temp admits nodes that can be colored with i do

randomly choose one and color it with i;
cs := 0;
while cs < maxs do begin

randomly chose a corner c of Temp
while shifting is possible do
for each node p with color i do begin

remove color from p;
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q := a node closest to c which can be colored with i;
assign i to q (move q’s color to an uncolored node);
assign i to uncolored nodes if possible;

end
end
Spread(Temp);
if Temp is better than Best then Best := Temp;

end;
P := Best;

end;
end.

We conclude the section by a comment on the time complexity of Scat-
tered coloring. Note that its running time depends on constants cf and cs,
which are typically set to 10 and 100, respectively. Moreover, the most time
consuming operations of the algorithm are the determination of the nodes
that can be colored with a given color i and the operation shifting. The set
of nodes that can be colored with i can be established by inspecting every
uncolored node u and by checking if every node colored by i is at distance
more than i from u, which means that the running time is bounded above
by a quadratic function of the number of nodes. The operation shifting de-
termines all nodes which are at distance at most i from p and can be colored
by i. Since this is done for all nodes p with color i, the (theoretical) running
time of the operation is bounded above by a cubic function of the number of
nodes.

3. Results

With the help of the presented algorithms we were able to improve most
of the upper bounds on (d, n)-packing coloring for all five lattices of interest.
Some of the constructions that provide upper bounds were obtained only
by Vector coloring yet most of the obtained coloring are the results of both
algorithms presented in Section 2.

The improved bounds for (d, n)-packing chromatic numbers of the infi-
nite square, hexagonal, triangular, eight-regular and octagonal lattice are
presented in Tables 2 - 6, respectively. Emphasized numbers in tables repre-
sent new improved upper bounds. Results marked with (1) were obtained by
using only the Vector coloring, results marked with (2) were obtained using
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both algorithms. Numbers presented with regular font are previously known
results from [3] and [9].

Table 2: Values and bounds for χd,nρ (Z�Z)
d \n 1 2 3 4 5 6

1 13–15 2 2 2 2 2

2 ∞ 12–18(1) 8 6 5 5

3 ∞ ∞ 16-22(2) 12–14(1) 11–12 10

4 ∞ ∞ 44–97(2) 25–35(2) 20–26(2) 18–22(2)

5 ∞ ∞ 199–? 50–108(2) 35–47(2) 29–37(2)

6 ∞ ∞ ∞ 118–? 63–92(2) 48–65(2)

Table 3: Values and bounds for χd,nρ (H)
d \n 1 2 3 4 5 6

1 7 2 2 2 2 2
2 ∞ 8 5 4 4 4

3 ∞ 15–27(2) 11 8 8 6

4 ∞ 61–? 20–36(2) 15–21(2) 13–18(1) 12–15(1)

5 ∞ ∞ 40–? 25–39(2) 21–28(2) 19–25(1)

6 ∞ ∞ 91–? 43–? 33–48(2) 28–39(2)

The constructed colorings that provide improved upper bounds are ob-
tained on quite large graphs, therefore we do not present any construction
herein. Interested readers are invited to visit the website https://omr.fnm.

um.si/wp-content/uploads/2017/06/Packing-constructions-lattices.

pdf where all of the obtained constructions are given and the bounds before
and after this work are reported. For example, our computations found the
following colorings which provide the upper bounds for the infinite square lat-
tice: a (2, 2)-packing 18-coloring of C60�C60, a (3, 3)-packing 22-coloring of
C84�C84, a (3, 4)-packing 14-coloring of C84�C84, a (4, 3)-packing 97-coloring
of C60�C60, a (4, 4)-packing 35-coloring of C52�C52, a (4, 5)-packing 26-
coloring of C78�C78, a (4, 6)-packing 22-coloring of C60�C60, a (5, 4)-packing
108-coloring of C54�C54, a (5, 5)-packing 47-coloring of C54�C54, a (5, 6)-
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Table 4: Values and bounds for χd,nρ (T )
d \n 1 2 3 4 5 6

1 ∞ 6 3 3 3 3

2 ∞ 127–? 14–24(2) 12(1) 10(2) 9

3 ∞ ∞ 81–? 28–43(2) 20–28(2) 17–21(1)

4 ∞ ∞ ∞ 104–? 49–? 36–53(2)

Table 5: Values and bounds for χd,nρ (Z� Z)

d \n 1 2 3 4 5 6 7 8

1 ∞ 11–18(1) 6 4 4 4 4 4

2 ∞ ∞ 42–131(2) 18–24(1) 14–16(1) 12 11 11

3 ∞ ∞ ∞ 105–? 43–? 31–42(2) 26–32(1) 23–31(2)

4 ∞ ∞ ∞ ∞ 213–? 83–? 58–? 48–66(2)

packing 37-coloring of C54�C54, a (6, 5)-packing 92-coloring of C50�C50, and
a (6, 6)-packing 65-coloring of C50�C50.

Note that in Table 6 we also present two improvements of the lower
bound for the infinite octagonal lattice which have been established by using
the methods presented in [9].

Table 6: Values and bounds for χd,nρ (O)
d \n 1 2 3 4 5 6

1 7 2 2 2 2 2
2 ∞ 8 5 4 4 4

3 ∞ 12–25(2) 11 8 8 6

4 ∞ 32–? 15–30(2) 12–18(2) 12–16(2) 12–14(2)

5 ∞ 152–? 28–69(2) 20–35(2) 17–27(2) 16–24(2)

6 ∞ ∞ 56–? 33–? 27–44(2) 24–37(2)
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4. Conclusion

In this paper, a new heuristic approach to find (d, n)-packing colorings of
infinite lattices is proposed. The presented algorithms provides several new
upper bounds on the (d, n)-packing chromatic numbers for the infinite square,
hexagonal, triangular, eight-regular and octagonal lattice. Despite being
conceived for the (d, n)-packing chromatic coloring problem, the presented
algorithms solve the task that is essential for all distance related coloring
problems: searching for the sets of vertices that satisfy given distance con-
straints. We therefore believe that the presented approach could be adapted
for other problems of this type.
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